Abstract. My experience in doing research experience with undergraduates in the last 15 years will be described. We will discuss: sample problems which will connect and attract students, how to explore the strengths of students to do research, benefits gained by the students and advisors in the process. The discussion can be viewed as a follow-up and expansion of my article [19] .
Prelude
It is my pleasure to share my research experiences with undergraduates in the last 15 years. One may see [16] and [19] for some background of the undergraduate research programs at William and Mary, and my involvement in a number of them. In the following, I will discuss my research experiences with undergraduates from the mathematical educational point of view.
The purpose of doing research with undergraduates
As mentioned in the description of the USA National Science Foundation Research experiences for undergraduates (REU) program (www.nsf.gov/pubs/2004/nsf04584 /nsf04584.txt) the aim of the program is "to provide appropriate and valuable educational experiences for undergraduate students through research participation. REU projects involve students in meaningful ways in ongoing research programs or in research projects specially designed for the purpose. REU projects feature high-quality interaction of students with faculty and/or other research mentors and access to appropriate facilities and professional development opportunities. Active research experience is considered one of the most effective ways to attract talented undergraduates to and retain them in careers in science and engineering, including careers in teaching and educational research."
In my experience, doing research with undergraduates is indeed an effective way to enhance their interest in studying mathematics. With the research problems in minds, students are better motivated and more eager to learn advanced mathematics. Moreover, they would try to find innovative ways to apply the theory to solve problems. This active learning style always leads to deeper understanding of the results they learned or / and developed. Involving students in research is definitely a good educational tool.
CHI-KWONG LI
In addition to the educational value, there is another motivation for me to advise undergraduate research projects. Namely, I can show more people that mathematics study is creative, beautiful, and useful. As long as the students have the proper view of mathematics research, whether they decide to become mathematicians is not so critical. Not everyone has to be a mathematician, but the mathematics community will certainly benefit if more people know that mathematicians are doing interesting and useful thing.
Recruiting and selecting students
To have a successful undergraduate research project, it is important to make a good match between advisees and advisors. It is more likely to get a good match if students are actively involved in the decision process.
For the NSF REU eight week summer program at William and Mary, students were recruited from other institutions. When they applied for the program, they already knew that the theme of the program was matrix analysis. The eight to nine selected participating students would listen to presentations of the potential advisors in the first two days of the program, and had a meeting among themselves to determine a matching between advisors and advisees. That often led to good matches between advisees and advisors.
For other undergraduate research programs at William and Mary, students might approach me for possible research projects; I might invite outstanding students from my classes to do undergraduate research projects or honor thesis projects. In any case, before any commitment, I would try to understand students' interests and show them mine. A good mutual understanding is crucial for a successful research collaboration and positive research experiences for students (and me).
Selecting research topics
To select an undergraduate research topic, it is most convenient if students come with their own research problems which can utilize my research expertise in matrix analysis. In such cases, students would have strong motivation in studying the problems, and I would be able to learn more about other subjects related to my research area. Sometimes, the research team may involve advisees and advisors from different areas leading to interesting interdisciplinary research. In fact, I have conducted undergraduate research projects (sometimes with other colleagues) on topics including game theory, coding theory, cryptology, and mathematical biology; see [2, 3, 24, 25] .
If students do not have their own research problems, I would propose a number of problems, and hope that students would be interested in some of them. Given the time constraints and limitation of the background of students, it is desirable to choose problems such that (1) the questions can be readily understood by students, (2) the problems have connections to other areas, (3) different approaches and techniques can be used in the study.
For such problems, students could quickly start the investigations with various techniques (geometric, algebraic, analytic, or computational) familiar to them. Furthermore, they could learn and apply results from other areas in the study. The exposure of students to techniques from different branches of mathematics might stimulate their interests in other research topics, which would result in more positive impacts to their future study.
Matrix analysis is a good area to conduct undergraduate research. Some research problems in matrix analysis do not require a lot of background to understand. Moreover, matrix analysis is related to and useful in the study of many different topics such as group theory, operator theory, operator algebras, and numerical analysis. The many different aspects of matrix analysis could attract students with different interests, and doing research on matrix analysis could lead to research opportunities in other areas. To illustrate these points let me describe a sample research problem.
Let M n be the linear space of n × n matrices. Suppose M, N ∈ M n satisfy det(M N ) = 1, and
Then L is a linear map satisfying
A natural question is whether every linear map L : M n → M n satisfying (3) has the form (1) or (2) . It turns out that the answer is affirmative by a result of Frobenius [13] .
The simplicity of such a question can easily draw the attention of students. Based on this result, one may ask many other natural questions such as:
(1) What kind of linear maps will leave invariant the rank function, the eigenvalues of matrices, or the row (column) spaces of matrices? (2) What if we consider additive maps or multiplicative maps instead of linear maps? (3) What is the structure of maps leaving invariant a certain important subsets, such as the general linear group, the set of matrices with convergent powers, the set of matrices corresponding to controllable or observable systems in control theory?
Involving students to select the research project is more likely to arouse their interest. Moreover, it could convey to students the important message that formulating the right question is important in doing research and creating new knowledge in both pure and applied mathematics.
Working on the projects
Once the students and I (and perhaps other advisors) have decided to work on a research topic, we would meet regularly to discuss the problem. We would consider different approaches to study the problem. Very often, students would follow my suggestions to work out the low dimensional cases of the problems. This was a very useful step in exposing the pattern and hidden structure of the problem leading to the solution. In some cases, students from different background would prompt me to learn some new subjects or draw my attentions to other approaches. These gave new insights and different perspectives to the problems that sometimes led to major breakthroughs.
Another important part of the project was training students to write up the research results and present the results to other people. This is indeed a very important educational component. With the modern computer software, it is relatively easy to prepare a technical paper, and do a mathematical presentation. Most students could learn the software efficiently. Some of them advanced so quickly that they ended up teaching me how to do many interesting things.
Results of the research
Typically, by the end of the research project, students and I would obtain a complete solution or some partial results for the research problems. Some of the results were upgraded to research papers; see the reference list. This is particularly exciting and encouraging for students. In any event, students (and I) had learned more mathematics; they acquired some experience in mathematical research; they got some training on how to write and present mathematics; they understood more about the work of professional mathematicians; they were better prepared for graduate study in mathematics (if they decide to do it). I am glad to see that most of my undergraduate research students have indeed gone on to graduate school to study mathematics and related subjects. Nevertheless, as mentioned before, as long as the students have seen a real picture of what mathematical research is about, I do not have any problem of seeing them pursue directions other than mathematics. To me, it is most rewarding to see that more young people see the beautiful, useful and creative aspects of mathematical research! In the following reference list, names of undergraduate students are in italics.
